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Abstract. In this work we study relations between regularity of invariant 
foliations and Lyapunov exponents of partially hyperbolic diffeomorphisms. 
We suggest a new regularity condition for foliations in terms of desintegration 
of Lebesgue measure which can be considered as a criterium for rigidity of 
ry»> ' ' Lyapunov exponents. 
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1. Introduction 



In this paper we address the regularity of invariant foliations of partially 
hyperbolic dynamics and its relations to Lyapunov exponents and rigidity We 
suggest a new regularity condition (Uniform Bounded Density property) for 
foliations which is defined in terms of desintegration of Lebesgue measure 
P^ ! along the leaves of the foliation. In principle it can be compared with the 

■^J- ; absolute continuity of foliations. However, for (un)stable foliations of partially 

hyperbolic diffeomorphisms the works of Pesin-Sinai j|18l , Ledrappier Ifl5l 
shed light on the subject and it turns out that for these foliations our condition 
impose a kind of regularity much stronger than absolute continuity. However, 
CN | we believe that exploiting this regularity condition can be considered as a 

geometric measure theoretical criterium for the rigidity of partially hyperbolic 
dynamics. 

From now on, we shall consider a smooth measure m (Lebesgue measure) 
on T 3 and a C 2 diffeomorphism f : M ^ M preserving m. f is called (absolute) 
partially hyperbolic if there exists a D/-invariant splitting of the tangent bundle 
TM = E S ®E C ® E" and constants v_ < v+ < <u_ < 1 < /.i+ < A_ < A+ and C > 0, 
satisfying 

^v n _\\v\\ < ||D/"(x)z;|| < Cv^lH, \fv e E s f (x), 
-^IMI < \\Df(x)v\\ < C^IMI, \fv g E c f (x), 
-U^IMI < \\Df\x)v\\ < CA'l\\v\\, Mv e E u f (x). 
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It is possible to choose a riemannian metric in M that makes C = 1 in the 
above definition. In this paper all partially hyperbolic diffeomorphisms are 
defined on T 3 . For simplicity we denote Df(x)\E°Ax) by J°f(x),a e \s,c,u}. The 
distributions E s f and E" f , respectively stable and unstable bundle, are uniquely 
integrable to foliations T s and f" (See tHj). In general case, E c is not integrable. 
However for absolute partially hyperbolic diffeomorphisms on T 3 the center 
bundle is integrable 0. 

1.1. Regularity of foliations. Roughly speaking, a foliation is an equivalence 
relation on a manifold such that the equivalence classes (the leaves) are con- 
nected immersed sub manifolds. For dynamical invariant foliations, although 
typically the leaves enjoy a high degree of regularity they are not stacked up in 
a smooth fashion. To define the different regularity conditions we need foliated 
charts. For instance a codimension-m foliation is C if there exist a covering of 
the manifold by C charts <p : U — > R n x R m such that each plaque is sent into 
the hyperplane R" x {(p(p)}. 

For a C— partially hyperbolic diffeomorphism the invariant foliations T s 
and JF"" typically are at most Holder continuous with C leaves. An important 
feature of stable and unstable foliations of partially hyperbolic diffeomorphism 
is their "absolute continuity" property. In smooth ergodic theory, absolute 
continuity of foliations has been used by Anosov to prove the ergodicity of 
Anosov diffeomorphisms. One of the weakest definitions (leafwise absolute 
continuity) is sufficient to prove the ergodicity of Anosov diffeomorphisms. 
See [20l for other definitions and state of art of absolute continuity of foliations. 

Consider T a foliation over M. Denote by m the riemannian measure over 
M; and Af x ; the riemannian measure over T x ; the leaf through x e M. There is a 
unique desintegration [|m<pj] of m along the leaves of the foliation. [{m^}] are 
equivalent class of measures up to scaling. In a foliation chart U c M; denote 
nif x ; the probability measure which comes from the Rokhlin desintegration of 
m restricted to U. In what follows we use the unique notation mr x (B) to denote 
the desintegration of the plaque inside foliated box B, which is a probability 
measure. A 

Definition 1.1 (leafwise Absolute Continuity). Let T be a foliation on M. We say 
that !F leafwise absolutely continuous, if it satisfies the following: A measurable set Z 
has zero Lebesgue measure if and only if for almost every p e M, the leafTp meets Z in 
a Af p zero measure set, that is, Af- p (Z) = 0,/or almost everywhere p e M. 
Locally, it is equivalent to 

A?- p ~ m<f v , m - almost everywhere p e U. 

In general setting it is not easy to understand the desintegration [{m^}] of 
m. In the case of leafwise absolutely continuous foliations the Radon-Nikodym 
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derivative 77-r is an interesting object to be studied. This motivated us to intro- 
duce new regularity condition. We show that, if we assume m<^ x is "universally 
proportional" to \f x , for almost everywhere x € M, independent of the size of 
^nU then many rigidity results hold. To begin we need to work with long 
foliated boxes: 

Definition 1.2 (Long Foliated Box). Let T be a one dimensional foliation ofM". A 
set B c M is called a foliated box by T of size greater than or equal to R > 0, if: 

(1) B is homeomorphic to D n_1 x (0, 1) where D"" 1 is (n - 1)- dimensional ball; 

(2) for each x e B, the length offxDB is greater than or equal to R > in the 
intrinsic riemannian metric ofT x . 

For any foliated box B we denote by m\B the normalized Lebesgue measure 
of B and for any plaque T X (B) the probability induced Lebesgue measure on 
the plaque is denoted by Lebf^y In the cases where the box is fixed, we write 
just Leb<f x . 

Definition 1.3 (Uniform Bounded Density). Let T be an one dimensional foliation 
on M. We say that f has uniform bounded density (U.B.D) property, if there is 
K > 1 such that for every long foliated box off in M we have 

1 < dm n <K 

K dLebf x 
independent of the size of the foliated box and x. 

For example if A is a linear partially hyperbolic automorphism of torus then 
the invariant foliations have U.B.D property. In fact this is the case for any 
/ close to A and C 1 conjugate to it. If / is Anosov automorphism of 3- torus 
we prove that in fact uniform bounded density property of unstable (or stable) 
foliation does imply the C 1 -conjugacy to its linearization, see theorem 12.31 We 
conjecture that in the context of general partially hyperbolic diffeomorphisms 
of T 3 if both T s and T u have U.B.D property then / is C 1 conjugate to its 
linearization. 

Another example of foliations with U.B.D property is the case of central fo- 
liation of ergodic partially hyperbolic diffeomorphisms on M 3 whenever it is 
absolutely continuous and the leaves are circles. Indeed as the length of cen- 
tral leaves are uniformly bounded (See [8J and IITOl for general statements. )the 
U.B.D property is equivalent to leafwise absolute continuity. A recent result 
of Avila-Viana- Wilkinson (H establishes that absolute continuity of central fo- 
liation in this setting implies C°° regularity. We hope that U.B.D property of 
central foliations in general, may imply its differentiability. 

Lyapunov exponents are important constants for measuring the assymptotic 
behaviour of dynamics in the tangent space level. Let / : M — > M be a measure 
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preserving C 1 -diffeomorphism. Then by Oseldets' Theorem for almost every 
x e M and any v e T X (M) the following limit exists 

lim-log||D/"(x)i7|| 

and is equal to one of the Lyapunov exponents of the orbit of x. For a conserva- 
tive partially hyperbolic diffeomorphism of T 3 which is the main object of the 
study in this paper, we get a full Lebesgue measure subset K such that for each 
xeK: 

lim ilog||D/"(x)z; a || = A a (/,x) 

n—>co fl 

where a e {s, c, u\ and v a £ E° '. 

Every diffeomorphism of the torus / : T" — > T" induces an automorphism 
of the fundamental group and there exists a unique linear diffeomorphism /* 
which induces the same automorphism on 7ii(T"). /* is called the linearization 
of / and in this paper we study the relations between Lyapunov exponents of 
/ and its linearization in the partially hyperbolic setting. 

2. Statement of Results and Questions 

First we prove that the uniform bounded density is a criterium for the rigidity 
of Lyapunov exponents in the context of partially hyperbolic diffeomorphisms 
ofT 3 . 

Theorem 2.1. Let f : T 3 — > Y 3 , be a conservative partially hyperbolic diffeomorphism. 
Denote by A = /» and suppose that stable and unstable foliations have the uniform 
bounded density property, then A°(f,-) = h a A ,o e {s,c,u} for almost everywhere 
xgT 3 . 

Remark 2.2. In the above theorem if we just assume the U.B.D property of one of 
the foliations T s or T u , we conclude the rigidity of the corresponding Lyapunov 
exponent. In the above theorem the rigidity of central Lyapunov exponent is 
just a corollary of volume preserving property of /. However, the same rigidity 
for central foliation also holds if we assume f^ has U.B.D property. As we do 
not have a good description for the desintegration along the central leaves, the 
proof for the central exponent rigidity is different from the stable and unstable 
foliation cases and it appears in the proof of theorem 12.61 

The above result show that U.B.D property imposes restrictions on the dy- 
namics in the level of Lyapunov exponents. We conjecture that U.B.D property 
is equivalent to C 1 conjugacy with linear automorphisms. For Anosov diffeo- 
morphisms we can check this conjecture. 
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Theorem 2.3. Let f : T 3 — > T 3 be a C 2 , conservative Anosov diffeomorphism with 
partially hyperbolic structure E UU ®E U ®E S . Iff? has uniform bounded density property, 

then f is C 1+e conjugated to its linearization A : T 3 — > T 3 ,for some positive 0, up to 
change f by f 2 . 

The above theorems assume U.B.D property and conclude some rigidity of 
Lyapunov exponents. We should mention that even leafwise absolute conti- 
nuity imposes some restrictions on the Lyapunov exponents, as we see in the 
following theorem. Recall that stable and unstable foliation of any C 2 - partially 
hyperbolic diffeomorphism are leafwise absolutely continuous (El). 

Theorem 2.4. Let f be a C 2 conservative partially hyperbolic diffeomorphism on the 
3-torus and A its linearization then 

A"(/,x) < A U (A) and A s (/,x) > A s {A) for almost everywhere x £ T 3 . 

Similar to the statement of the above theorem appears in |2Tj and proved in 
||22| for / C^-close to A. In [22], the authors need unique homological data for 
the strong unstable foliation and they prove that it is the case when / is closed 
to its linearization. 

Corollary 2.5. Any conservative linear partially hyperbolic diffeomorphism is a local 
maximum point for 

/i-> i \ u (f)dm. 

Analogously any conservative linear partially hyperbolic diffeomorphism is a local 
minimum point for f i-> I A s (f)dm. 

Problem 1. Classify the local maximum points of unstable Lyapunov exponent. 
Are these diffeomorphisms C 1 conjugated to linear? 

Problem 2. Suppose that A c (f) > and T c is upper leafwise absolutely contin- 
uous then A c (/) < A C (A). 

Another interesting issue in the setting of partially hyperbolic diffeomor- 
phisms is the characterization of topological type of central leaves. It is clear 
that for a general partially hyperbolic diffeomorhism (general 3-manifolds) 
with one dimensional central bundle, the leaves of central foliation may be cir- 
cles, line or both of them (consider suspension of an Anosov diffeomorphism 
of T 2 ). However by Hammerlindl's result |T2|], central leaves of a partially 
hyperbolic diffeomorphism on T 3 are homeomorphic to central leaves of its 
linearization and consequently all the leaves have the same topological type. 
A very natural question is that 
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Question 1. Suppose f is volume preserving (absolute) partially hyperbolic on T 3 
and central Lyapunov exponent vanishes almost sure. Is it true that all center leaves 
are compact? 



In general setting, this question has been answered negatively in jl9] . We 
would like to mention that by a recent result of Hammerlindl and Ures, a 
non-ergodic derived from Anosov diffeomorphism on T 3 , if exists, will have 
zero central Lyapunov exponent and non-compact central leaves. It is interest- 
ing to know whether exists example of such partially hyperbolic non-ergodic 
diffeomorphisms on torus. 

Assuming U.B.D property of central foliation we get the following theorem 
which gives an affirmative answer to the above question. 

Theorem 2.6. Let f : T 3 — > T 3 , be a conservative partially hyperbolic diffeomorphism. 
Suppose that T c has the uniform bounded density property and A c f = Ofor a.e. x £ T 3 , 
then the center leaves are circles. 

Remark 2.7. In the proof of the above theorem we show that under U.B.D 
condition of central foliation one concludes that A c (/) = A c (f*),a.e. 

We do not know whether the above theorem holds just assuming leafwise 
absolute continuity. 

3. Preliminaries 

In this section we review some definitions and known results about partially 
hyperbolic diffeomorphisms on T 3 . 

3.1. Partially hyperbolic diffeomorphisms on T 3 . In the rest of the preliminar- 
ies section we will recall some nice topological properties of invariant foliations 
of partially hyperbolic diffeomorphisms on 3-torus. One of the key properties 
of the invariant foliations of partially hyperbolic diffeomorphisms in 3-torus is 
their quasi-isometric property. Quasi isometric foliation W of IR rf means that 
the leaves do not fold back on themselves much. 

Definition 3.1. A foliation W is quasi-isometric if there exist positive constant Q such 
that for all x, y in a common leaf of W we have 

d w (x,y) < Q _1 l|x-y||. 

Here d w denotes the riemannian metric on W and \\x — y \\ is the distance on the ambient 
manifold of the foliation. 

In the partially hyperbolic case, we denote by d° (•, •), the riemannian metric on 
T° ' ,o G \s,c,u\. We define d c {-,-) in the dynamical coherent case. The foliation 
T a is called quasi isometric if its lift to the universal covering (R 3 ) is quasi 
isometric. 
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The approach that we will use to prove the main theorem leads with concept 
of leaf conjugacy. For this we use the Hammerlindl results concerning leaf 
conjugacy. 

Theorem 3.2 (0, |[T2|). Iff : T 3 — > T 3 is partially hyperbolic dijfeomorphism, then 
f ra , a e {s, c, u\ are quasi isometric foliations. 



Proposition 3.3 ((l2l). Let f : T 3 — > T 3 be a partially hyperbolic diffeomorphism 
and A : T 3 — > T 3 the linearization of f. Then 

lim y * = E* , ye T x a , a e {s, c, w} 

and the convergence is uniform. 

Proposition 3.4 fljl2|). Let f : T 3 — > T 3 be a partially hyperbolic dijfeomorphism and 
A : T 3 — > T 3 fe linearization of f then for each leZ and C > 1 fhere z's an M > 
swc/z that for x, y, 

1 II /*(*) - fHv)\\ 

\\x - y\\ > M => - < , ; , yy < C. 
y " C ||A*(x)-i4*(y)|| 

More generally, for each k e Z, C > 1, and linear map n : IR rf — > R d ffaere zs an 
M > smc/z that for x, y e M. d , 

1 IK/*(x) - f* (y))|| 

Theorem 3.5 (fT2|). Every partially hyperbolic dijfeomorphism of the 3-torus is leaf 
conjugated to its linearization, by a homeomorphism h. Furthermore h restricted to 
each center leaf is bi-Lipschitz and denoting h a lift ofh in K 3 one has that 

is bounded. 

The above theorem and propositions has the following corollaries which is 
useful in the rest of the paper. 

Lemma 3.6. Let f : T 3 — > T 3 be a partially hyperbolic dijfeomorphism and A : T 3 — > 
T 3 the linearization off. For alln £Z and e > there exists M such that for x, y with 
y e T° and \\x - y\\> M then 

(1 - e)e nA A\\y - x\\ < \\A n {x) - A n {y)\\ < (1 + e)e nA Hy - x\\ 

where A a is the Lyapunov exponent of A corresponding to E° and o £ {s, c, u). 
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Proof. Let us fix a and denote by E A the eigenspace corresponding to A. ., \i : = e A A . 
Let NeZ and Choose x, y e THx), such that ||x - y\\ > M. By proposition 13.31 
we have 

x - y 

= v + e M/ 



\\x-y\\ 

where the vector v = Ve a is a unitary eigenvalue of A, in the Ea direction and 
eyi is a correction vector that converges to zero uniformly as M goes to infinity 
So, considering \i the eigenvalue of A in the Ea direction 

AN (f^) = I* Nv + A ^ = V N (tT-Ht) - ^ N ^ + A N e M 
\\\x-y\\) \\\x-y\\J 

It implies that 

||x - y\\(^ N - Li N \\e M \\ - \\A\\ N \\e M \\) < \\A N (x - y)\\ 
^llx-ylK^ + ^lkMll + IIAinkMlD- 

Since N is fixed, we can choose M > 0, such that 

Li N \\e M \\ + \\A\\ N \\e M \\ < e^i N . 
and the lemma is proved. n 

Another important fact is that the central holonomy inside center-unstable 
leaves of partially hyperbolic diffeomorphisms of T 3 is Lipschitz for distant 
points on the unstable leaves. 

Proposition 3.7. The center holonomy h c between unstable leaves is uniformly bi- 
Eipschitz, for far away points in J ru . More precisely there is C > 1, such that 

. d"(h c (x),h c (y)) 

c _! v ±jl y>> < c, 

d u (x,y) 



whenever y e f" and d u (x, y) > 1. 



For the sake of completeness we prove the above proposition in the appendix. 
Observe that the Lipschitz constant claimed in the proposition does not depend 
on the distance (on central leaf) between x and h c {x). 

Finally, we recall a rigidity result in the context of Anosov diffeomorphisms. 
Let / and g be topologically conjugate Anosov diffeomorphisms, h o f = g o h. 
We say that the periodic data of / and g coincide if for every periodic point 
x,f p (x) = x, Df p (x) and Dg p (h(x)) are conjugate operators. 
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Theorem 3.8 (Smooth Conjugacy (HI). Let f and g be Anosov diffeomorphisms of 
T 3 and hof = goh, where h is a homeomorphism homotopic to identity. Suppose that 
f and g have the same periodic data. Assume that f and g can be viewed as partially 
hyperbolic diffeomorphisms: there is an f -invariant splitting TT 3 = E s f © E" © E" 1 ' 

also TT 3 = E s g ®E l g '® E u g u . 

Then the conjugacy h is C 1+e for some 6 > 0. 

4. Technical Rigidity Results and proof of Theorem 12.11 

In this section we prove some technical rigidity results for Lyapunov expo- 
nents which will be used in the proofs of the main theorems. In particular we 
prove Theorem 12. II 

Let us concentrate on volume prserving partially hyperbolic diffeomor- 
phisms of T 3 . One important result which appears in the works of Pesin-Sinai 
and Ledrappier (see |[T5l and Ifl8l0 is the exact formula for the desintegration of 
the Lebesgue measure along unstable manifolds (even in the Pesin theory set- 
ting): Take £ be a measurable partition subordinated to the unstable foliation. 
For y e E,{x) define 

— nffi- 

A u (x,y) r 

After normalizing p(y) := — 77-— where L(x) = I A u (x,y)dLeb x and p(-) is 

M*) Je(x) 

dm x 
the Radon-Nikodym derivative - — — . We emphasize that such a clear formula 

dheb x 

for the desintegration along a genral leafwise absolutely continuous foliation 
(for instance for central foliation whenever it is absolutely continuous) is not 
available. We use this formula in the proof of Theorem 12.11 Here we observe 
some elementary properties of A". First of all note that C 2 -regularity of / and 
Holder continuous dependence of E" with the base point give us: 

Lemma 4.1. For any e > 1 there exists 5 > such that ify& W% x c 'F" then 

1 -e < A"(x,y) < 1 + e. 

Proof. Taking logarithm, as a -Holder continuity of unstable bundle and /"/ 
implies that 

OO 

logA"(x,y) = ^logr/(/-'(x))-logf/(r(y) 

i=l 

00 00 

< £ Crdif-Xx), f-\y)) a < (d Y, AZ M )rf a (x, y) 



1=1 i=\ 
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where A_ comes from the definition of partial hyperbolicity. This completes 
the proof of the lemma. □ 

Lemma 4.2. Suppose that T u has bounded density property. There exists K> 1 such 
that for almost every igT 3 and every y\, y 2 € T'" : 

K- 1 <A u (y 1 ,y 2 )<K. (4.2) 

Moreover, for any neN: 



n-l 



J7Cf'(yi)) 



Proof. By definition of uniform bounded density 01.31) it comes out that — — - e 

p(yi) 

[K 2 ,K 2 ]. Abusing the notations for simplicity, we substitute K 2 by K and con- 
clude the first claim of the lemma. 

We can suppose that the points x satisfying (|4.2[) belong to an invariant set. 
So changing x to f n (x) we have 

K- 1 <A u (f l (yi) f r(y2))<K. (4.4) 

Dividing equation (|4.4[) by (|4.2|) we conclude the proof of the second claim of 
lemma. □ 

In stable case, we take / _1 and apply (|4.1|) in the P, = E 1 ' direction. Similarly 
for y 6 T^ we define 



i=() 



l s f(fW 



From now on we use the notation A a (/"(y 1 ),/"(i/2)) = 0(1) to denote that 
A ff (/"(yi ), f n (yi)) is bounded from below and above by constants just depending 
on/. 

Now we state two technical propositions which guarantee the constancy of 
unstable periodic data and rigidity of Lyapunov exponents and are key to the 
proof of the main results. 

Proposition 4.3. Let f be a partially hyperbolic diffeomorphism o/T 3 . Suppose that 
for any x in an invariant full measure set and any y\, y 2 e f" : 

A a (f n (yi),f"(y2)) = O(l), 
then A a (f, x) = A a (A) where A is the linearization off and o e {s, u\. 

Proposition 4.4. Let f be a partially hyperbolic diffeomorphism o/T 3 . Suppose that, 
there exists a dense subset D such that any y\, y 2 6D satisfy 

A a (f n (yi),f"(y2)) = 0(1) 
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then the a-periodic data is constant for a e {s,u}, i.e all the periodic points have the 
same Lyapunov exponent in the E a -direction. 

4.1. Proof of Theorem 12.11 As we mentioned above (Lemma I4.2[) the strong 
U.B.D.property of unstable foliation implies the desired boundedness condition 
and using proposition 14.31 we conclude that A u (f,x) = A"(A). Similarly, taking 
the inverse / _1 , U.B.D. property implies that A w (/ _1 ,x) = A u (A~ l ), it means 
A s (f,x) = A S (A) and as / is conservative A c (f,x) = A C (A) too. 

4.2. Proof of Proposition 14.31 Take any o € {s, u) and suppose that 

Z = {xeT 3 \A a (f,x)>A a A } 
has positive volume. Let e > be a small number and define 
A n = {xeZ\ ||/7 m (x)|| > e m(A A +e) for all m > n). 
Take n large enough such that 

m(A n ) > and — > 2. 

2K 2 e" A A 

where Q be as in definition (|3.1|) of quasi-isometric foliations (We know that 
stable, unstable and central foliations of partially hyperbolic diffeomorphisms 
in T 3 are quasi-isometric.) and the constant K is such that 

K- 1 <A°{f n (y 1 ) / f n (y 2 ))<K. 

Similar to (|4.3|) we get 



n-\ 



Ffifiyi)) 



^n^&*- <«> 



;=0 



f/(/'(y 2 )) 



for any n e N. 

Using proposition [3T4] and lemma [3T6l choose M > such that for any y e f° 
and d a (x, y)>M 

1 \\f n x-f n y\\ 

_ jit j yii 2 (4 7) 

1 , ||A"x-A"y|| , 

-e nA A\\x -y\\< _ y " < 2^11* - y\\. (4.8) 

z ||x y\\ 

Take any regular point x G A n . By definition we have } a f n (x) > e n( - A A +£ ^ and by 
(|4.6|) we get 

ff n {y) > ^e n{ - A * +E) 
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for any y e T°. Now 

Q f ||D7"||dA F a 

ILfW^yll > Q^r%ltj = zJzpl _ > (49) 

||A n x-A"y|| "' ||A"x — A"y|| ' ||A"x - A"y|| 



« m yii « > ^ 

2XV A %-y|| 2K 2 e n/V A 

which gives a contradiction. Thus {x 6 T 3 |A ff (/, x) > A^} has zero volume. In 
the same way, considering / _1 , it comes out that 

m({x e T 3 \A a (f-\x) > A^}) = m({x e T 3 |A ff (/,x) < A*}) = 0. 

4.3. Proof of Proposition 14.41 

Proof. Suppose that there are periodic points p, q, such that A a (p) > A a (q). With- 
out lost of generality, suppose that p, q are fixed points for / and fix 5 > such 
that A a {p) > A°(q) + 5. By hypothesis there exists K > 1 such that 



KT 1 < A°(f(x), f n (y)) < K 

Choose small e > such that j^e 5 > 1 and then n big enough such that 

1 -f \ n 

e b \ >K 2 . (4.10) 

Now take x, y close to p and q such that 

} a f k (x) > (1 - £ ) k e kAC ^ and (1 + efe uc ^ > J a f\y), (4.11) 

By l4l0l andl4lT1we get 

Ff n (x) 

>K 2 



Ff n (y) 

and so 

A°(f(x),f(y))= J j^A°(x,y)>K 

which is a contradiction with the hypothesis. 



□ 



REGULARITY OF FOLIATIONS AND LYAPUNOV EXPONENTS 13 

5. U.B.D. Property and Rigidity for Anosov Diffeomorphisms 

In this section we prove theorem 12.31 

Proof. We divide the proof into two steps where in the first step we prove 
constancy of the unstable periodic data and in the second one we deal with 
the central periodic data. The proof of the second step takes almost all of this 
section. 

If f* has the U.B.D. property, by density of T u and Proposition |44] the 
unstable periodic data is constant, i.e. A u (p) = A u (q) for any two periodic point 
p, q. By Anosov Closing lemma this implies that A'i = A u f (p) for a.e. x, where p 
is a periodic point. Again since T u has U.B.D property, by theorem l2.1I A" = A U A 
for a.e. point. Then A u Xp) = A U A for all periodic point p for /. 

Now we claim that the central periodic data is also constant. To prove this we 
study Lipschitzness of the central holonomy inside center-unstable plaques. In 
what follows A c (x, y) is defined similar to A" for the points x, y on the same 
weak unstable leaf. It is clear that the propositions 14.31 and 14.41 can be applied 
for a = c. 

Lemma 5.1. There exists C > such that for any xeT 3 and y & < F" and any unstable 
leaf inside f cu (x) the central holonomy satisfies: 

C^Ocy) < d u {h{x),h{y)) < Cd u (x,y) 

Proof By proposition 13.71 central holonomy is bi-Lipschitz for distant points. 
But the constancy of unstable Lyapunov exponent on all periodic points implies 
that in fact the holonomy is bi-Lipshitz. The proof appears in Gogolev result 
and we just recall it here. Take y € f^ and h(x), h(y) the images by central 
holonomy. With an abuse of notation we denote by d u the pseudo distance along 

r 

the weak unstable leaves given by d u {x, y) := I A c (x,z)dA T c(z) as used in J9J. 

Observe that d u (f(x),f(y)) = J u f(x)d u (x, y). Let ne N such that d u (f n (x),f n (y)) > 
1 then 

rfW(*))/ft((T(y))) _ l u Qi{nx)))d u {h{x)My)) 

d'if"(x),f"(y)) " Hf n {x)) d»(x,y) 

Now using Livschitz we conclude that } u f is cohomologous to a constant 

D u (h(f n (x))) 
function and the transfer function is continuous and consequently — ,,.,,, 

is bounded. By the choice of n and proposition 13.71 the left hand side of the 

d u (h(x),h(y)) 

above equality is also bounded. So we conclude that — — is bounded 

^ J d u {x,y) 

independent of d u (x, y) and independent of the length of central plaque jointing 

x to h(x). □ 
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Now we estimate the Lipschitz constant as follows. 

Lemma 5.2. Let F™ be a leaf and h the central holonomy inside it. Restricting the 
domain of h to an small segment [x, a], the Lipschitz constant of the holonomy is 
compared with A c (x, y). 



Corollary 5.3. There exists a constant D > such that for any x and any y e f^ 

A c (/"(x),/"(y)) = o(i) 

and in particular all periodic points of f have the same central Lyapunov exponent. 

Proof, (of lemma) Consider y = h(x) (see figure 1.) and take e > such that 
e <<c A T u([x,a\). Build rectangles R\,R 2 such that A^(7\. c n R t ) = e,i = 1,2. 
The Lebesgue measure of center-unstable leaf Afcu desintegrate to conditional 
measures on central leaves which are absolutely continuous with respect to 
At c {.) and \<f«> is the quotient measure: 



Afn, (Rj) 



dXyrcu(z) I p z (ti)dA<F?(ti), i = 1,2. 

[x,a]u Jr z c nRi 



(5.1) 



Hz) 



h 



h 




Figure 1. Central holonomy inside center-unstable leaf 



We know that ((HI) for z { e T z c , 

^-=A c (z,h) and ^- = A c (z,t 2 ) = A c (z,h(z))A c (h(z),t 2 ). (5.2) 

Pz{Z) pz(Z) 

As z, h(z) belongs respectively to the local unstable leaf of x and y and the 
center holonomies are uniform bi-Lispchitz, we have 

A c (z,h(z))~ A c (x,y). (5.3) 
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Substituting, 

| p z (t)dA n (t) = \ p z {z)A c {z,t)dA n {t) 

JT z c nRi JTSnRi 

in l5.1l and using l5T2ll5.3l we have 

r dx T c U{z) r A c (h(z) / t 2 )dA^(t 2 ) 

A r ™(Ri) 





I dX T cu (z) I A c (z,h)dA r c(h 

J[x,a] u JT/nRj 



Finally observe that t\, t 2 belong to local central leaf of Z\ and h{z\). As central 
leaf is the weak unstable foliation we again use lemma 14.11 to conclude that 
both A c (z, t\) and A(h(z), t 2 ) are close to one. This implies that 

*ggg> „ A <(* V ) 

As e is small the Lebesgue measure of Ri is compared with the product of base 
and length and consequently the above relation shows that A c (x, y) is compared 
with the Lipschitz constant of the central holonomy 

□ 

Proof, (of corollary) In the above lemma we have proved that A c (x, y) is com- 
parable with the Lipschitz constant of the central holonomy which is the same 
for all center-unstable plaques in the manifold. Just substitute x and y by f n (x) 
and f n (y). Now, use Proposition 14.41 and density of center manifold to conclude 
that A c (p) = A c (q) for any two periodic points p, q. u 

Now as the central periodic data is constant by Anosov closing lemma we 
conclude that A c (f,x) = A c (p) for any periodic point p. Using corollary 15.31 and 
Proposition 14.31 we conclude that A c (f,x) = A C (A). 

Since / and A are conservative diffeos 

= A){p) + A){p) + A){p) = A U A + A C A + A S A ^ A){p) = A S A 

for every periodic point p of /. So, / and A have the same periodic data, up to 
change of / by f 2 . Using fTT|, / is C 1+e conjugated to A, for some positive 6. □ 

Corollary 5.4. Let f,A like in previous theorem, then are equivalents: 

(1) T u has U.B.D. property, 

(2) / is C 1+e conjugate to A, up to change f by f 2 , 

(3) / is differentialy conjugated to A, up to change f by f 2 , 

(4) / and A have the same periodic data, up to change f by f 2 . 
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6. Local maxima for Lyapunov exponents 

6.1. Proof of theorem 1231 

Proof. We prove the statement on A"(/, ■)• Suppose by contradiction that there 
is a positive set Z e T 3 , such that, for every x £ Z we have A u (f,x) > A U (A). 
Since / is C 2 , the unstable foliation T u for / is upper absolutely continuous, in 
particular there is a positive set B such that for every point x e B we have 

A^nZ)>0. (6.1) 

Choose a p € B satisfying (|6.1|) and e > a small number. Now consider a 
segment [x, y] u c !F1" satisfying Ajr„([x,y] u nZ) > such that the length of 
[x, y] u is bigger than M as required in lemma 13751 and proposition 13.41 We can 
choose M such that 

\\Ax - Ay\\ < (1 + c)e A *\\y - x\\ 
and 

J£zM <1+£ . 

\\Ax-Ay\\ 
whenever d u (x, y) > M. The above equation implies that 

||/x-/y||<(l + £ )y%-x||. 

Inductively, we assume that for n > 1 we have 

||/"x - /"y|| < (1 + e) 2n e n/V 4y - x\\. (6.2) 

Since / expands uniformly on the u -direction we have d u (f n x,f n y) > M, it 
leads 

\\f(f n x) - f(f n y)\\ < (1 + e)\\A(f"x) - A(f"y)\\ 

< (1 + e) 2 e A '4f 1l x - f n y\\ 

< (\ + e) 2{n+l) e {n+1)x A. 
For each n > 0, let A n c Z be the following set 

A„ = {x e Z: ||D"/ fc || > (1 + 2c) 2k e kA * for any k > n}. 

We have m(Z) > and A n f Z Consider a big n and «„ > such that 
Lebjr U ([x,y] u n A„) = a n Lebjru([x,y] u ). Note that when n increases to infinity 
the proportion a n converges to 

Lebfru{[x,y] u nZ). 
We can assume with lost generality a„ > «o > for any n > 1. Then 



REGULARITY OF FOLIATIONS AND LYAPUNOV EXPONENTS 17 



\\f"x-f"y\\ > q[ \\Df n {z)\\dA T «{z) > (6.3) 

J[x,y] u nA„ 

> Q(l + 2e) 2n e nA Uf*([x, y] u n A„) (6.4) 

> a Q(l + 2e) 2n e nA Hx-y\\. (6.5) 

The inequalities (|6.2|) and (|6.5|) give a contradiction. We conclude that A" (J, x) < 
A "(A), for almost everywhere igT 3 . Considering the inverse / _1 we conclude 
that A S (A) < A s (f, x) for almost every isT 3 . □ 

The above arguments also can be used to prove similar statements for abso- 
lutely continuous central foliations of Anosov diffeomorphisms. 

Theorem 6.1. Consider f :T d —> T d , d>l,aC 2 Anosov, conservative with partially 
hyperbolic structure diffeomorphism, such that dim£ c , = 1. Let A : T d — > T d , 
the linearization f. Suppose that T is quasi isometric, upper absolutely continuous 
foliation and A c (f, •) > 0,/or a.e. x e T d , then A c (f, ■) < A C A , a.e. x e T d 

Proof. By |fi~2f we have A is partially hyperbolic and dimE"; = dimE^. Since 
/ is Anosov with partially hyperbolic structure, then by propositions 13.31 and 
13.41 we have that A is Anosov and A C A > 0. for a.e. Furthermore there is \i > 1, 
such that ||D e /(x)|| > p., for any x € T 3 . In the other words, / has uniform 
expansion in the center direction. Since f'i is quasi isometric, we can apply 
the same argument of the previous theorem, and we conclude A c (f, •) < A C A , a.e. 

X £ T d . □ 

7. Topology of central leaves 

To prove theorem |2.6| we show that U.B.D property of central foliation implies 
that for almost every x we have A c (x) = A.. Consequently A has compact central 
leaves and by leaf conjugacy between / and A the same is true for /. 

The idea of the proof is similar to that of theorem 12.11 However a main 
difficulty here is that we do not know have a formula for the density of the 
desintegration along central foliation. Let 

Z = {xeT 3 \A c (f,x)> A C A ] 

and e > be a small number. Define 

A n = {xe Z\ \\Df"\x)\E c x \\ > e m{A * +£) for all m > n). 

Take n large enough such that 

Oae n{A A +e) 
m(A„) > a and ^— > 2. (7.1) 

AKe nA A 
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for some positive a > which will be fixed. We choose M satisfying l4.7l and l4.8l 
for a = c. 

Now the idea is to find a central plaque "T^ of size M such that Leb x (A n ) > 
a /2K. Of course, if we could provide a measurable partition of M into plaques of 
size M by Rokhlin decomposition we would get a plaque such that m x (A n ) > a 
and by definition Leb x (A n ) > a/K. As we ignore the existence of such partition 
we construct a partition covering of a large measurable subset of T 3 in the next 
subsection. 

Let us complete the proof of the theorem assuming the existence of such 
plaque. The idea is to get the same contradiction as in the proof of theorem IZTl 
More precisely, we get similar to (|6.5|) 



urn fn „ Q f ^f^M^ 

11/*-/ "yll > Jrm 

||A"x-A"y|| _ \\A n x-A n y\\ ~ { ' ) 

Qae n ^ +e) \\x - y|| Qae n ^ + ^ 

>< M £11 « > ^ 

4Xe nA %-y|| 4Ke nA A 

To find such a plaque we need to construct a measurable partition by plaques 
as follows. 

7.0.1. Measurable partition by long plaques. It is more convenient to work 
in the universal covering n : R 3 — > T 3 . We lift the foliations to R 3 and use the 
same notations T x for the leaf passing through x in R 3 . First we recall a nice 
property of central foliation proved in Hammerlind: 

Proposition 7.1. There is a constant R c such that for all x e R 3 , f^ e U Rc (^l x ) where 
U Rc (3i x ) denote the neighbourhood of radius R c around the central leaf of A through x. 

For M large enough, we take D a ball centered at O e R 3 of radius M, 
transverse to f^ c and in the sw-leaf of A. Now saturate D by central plaques of 
size M and let D := IJzeD ^m- 

Lemma 7.2. IfM is large enough there exists a plaque T^ M such that 

Leb z {TT l {A n )) > a/2K. 

Proof. Recall that m(A n ) > a. As M is large, D will include a large number N(M) 
of fundamental domains (cubes) where n is invertible. That is C, c D where C, 
are unitary cubes for i = 1, • • • , N(M). However D may intersect partially N(M) 
other fundamental cubes, i.e Dr\Q ± but Q £ t) for i = 1, • • • ,N(M). By the 
above proposition we claim that 

lim = 0. 

m^oo N(M) 
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So for large enough M we have 

-(H-WnD)> "^> >-al2. 

N(M) + N(M) 

Now we desintegrate along the plaques in D by Rokhlin we get plaques such 
that m z (n~ l (A n )) > a/2 and by definition [L3] of uniform bounded density prop- 
erty it yields that Leb z {n- l (A n )) > a/2K. 

□ 

8. Appendix 
Here we prove the proposition 13.71 



™ 

X 



Definition 8.1. Let x,y different points such that y e T"- Define Qco(x,y) c ^ 
being the strip limited by center leaves f^. and TL 

Lemma 8.2 (Geometric Control). Let f : T 3 — > T 3 be a partially hyperbolic dif- 
feomorphism. Then there exists a positive constants C > 1 such that for any strip 
Qco(x, y), we have 

C" 1 <d li {z,h u {z))<C, 
where z eT^ and h u (z) = T z u n TL the image ofz by unstable holonomy h u :f^^ 
T c . 

Proof. First fix x, y e T 3 such that y e f^ and d"(x, y) = 1. Consider the foliations 
in the covering space R 3 and take the strip Qoo(x, y). Let h : 1R 3 — > R 3 , be as in 
theorem 13.51 leading leaves of T c in leaves of T C A where A, is the linearization 
of /. Call L x = h(T<) and L y = h{Tfi. 

Suppose that there is a sequence x n £ T%, such that d u (x n , y n ) — > 0, where 
y n = h u (x„). By continuity of h, we have 

\\h(x n )-h(y n )\\^0^d(L x ,Ly) = 0, 

that is the contradiction and it proves that the distance of z and h u (z) is 
bounded below, d u (z,h u (z)) > r\. 

Now we prove that the distances are bounded above uniformly. Suppose 
that there is a sequence x n e T'Hx), such that d u (x n , y n ) — > +oo, where y n = h u (x n ). 
Construct z n £ TL as follows. 

Let u n = h(x n ), and consider v n a point on L y , satisfying 

d(u n , v n ) = d(L x , L y ). 
Finally consider z n = h~ l (v n ), we have 

\\x n ~ z n \\ = \\(x„ - h(x n )) + (u n - v n ) + (h(z n ) - z n )\\ <d + 25, 
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such that d = dist(L X/ L y ) e 5 = \\h - id^\\. 

Consider the triangles A„, with vertices on x n , z n , y n . Consider on each vertice 
the respective angles x~ n , y~ n ,z^. 




Figure 2. Triangles A„. 



Note that \\x„ - y„\\ — > +oo by quasi isometry of the foliation < f u . 
Triangular inequality implies 

llxn-z„ll + lly«-z„|| > ||x„-y«|| 
and since \\x n —z n \\ is bounded consequently 

llyn-Znll ~* +°°- 

We have \\x„ - y n \\, \\y„ - z n \\ — > +oo, by proposition 13.31 we have y~„ converges 
to 6 = l(E c A ,E'^) > 0. This gets a contradiction with \\x n - z„\\ bounded. Then, 
there exists K > 0, such that d"(z, h u {z)) < K for any z e T x . So we conclude that 
for any unstables segments T and T' connecting f^ and "T y we have 

1 < a < * (8.1) 

where ||T|| denotes the length of a unstable segment T. 

Consider now another unstable segment [a, b] u , such that d u (a, b) = 1. Define 
Qoo(a,b) the strip in 7^ c " limited by center leaves T^ and 9^ c . By density of 
foliations T cu and T c , and uniform convergence of holonomies h u and ft c , we 
have from this and (|8.1|) that 
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A<m<* (8 . 2) 

2K-||T'||- rj l ' 

for any unstables segments T and T connecting f^ and f^, in particular 
when V = [a,b] u , \\T'\\ = 1, we have 



V 








?.K 


2K 


< 


ll'i'll 


< 


1 



independent of the strip Q^a, b). u 

Now we complete the proof of proposition 13.71 Consider the strip Q = 
Qoo(x, y), and unstables segments T,Y connecting ^ and !F y c . Suppose that 
T = [a,b]„, such that d u (a,b) > 1. We claim that there is a universal constant 
C > 1 independent of Q, x, y such that 

c- 1 < El < c. 

- imi ~ 

To prove the claim, On [a, fc] I( consider the partition [a, b] u = [a , a{\ u U [«!, a 2 ]m U 
. . . U [a n -i,a n \ u , such that flo = a,a n = b. Choose the points a^i = 1, . . .,n - 1 
satisfying rf"(fl,_i,fl,) = 1 and d u (a n -i,b) < 1. By the previous lemma, we have 

the length of T' is at most ^ and at least " 2K f? . Note that, since we supposing 
here d"(a, b) > 1 we have n > 2. Thus 

n An-\) n < j|T|| < 2nK ^4K 
4K ~ 2nK ~ ||ni ~ (n - 1)?] ~ ?] 
Take C = — being the bi-Lipschitz constant for large w-scale. 
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